We solve the Dirac equation approximately for the attractive scalar S(r) and repulsive vector V (r) Hulthén potentials including a Coulomb-like tensor potential with arbitrary spin-orbit coupling quantum number κ. In the framework of the spin and pseudospin symmetric concept, we obtain the analytic energy spectrum and the corresponding two-component upper-and lowerspinors of the two Dirac particles by means of the Nikiforov-Uvarov method in closed form. The limit of zero tensor coupling and the non-relativistic solution are obtained. The energy spectrum for various levels is presented for several κ values under the condition of exact spin symmetry in the presence or absence of tensor coupling.
I. INTRODUCTION
nuclear properties [18] [19] [20] and have also some physical applications [21, 22] .
In the past years, there has been much interest in the solution of the relativistic Dirac and Klein-Gordon equations [1, 12, [23] [24] [25] [26] . For instance, some authors have solved these equations for several physical potentials, such as the Woods-Saxon potential [23] [24] [25] [26] , the Morse potential [27] , the Hulthén potential [28] , the Eckart potential [29] [30] [31] , the Pöschl-Teller potential [32, 33] and the Scarf-type potential [34] , etc.
Recently, many works have been done to solve the Dirac equation so to obtain the energy equation and the two-component spinor wave functions. Jia et al [35] employed an improved approximation scheme to deal with the new centrifugal spin-orbit term κ (κ + 1) r −2 in the second order differential equation that results from the Dirac equation and to solve it for the generalized Pöschl-Teller potential for arbitrary spin-orbit quantum number κ. Zhang et al [36] solved the Dirac equation with equal Scarf-type scalar and vector potentials by the method of the supersymmetric (SUSY) quantum mechanics, shape invariance approach and by alternative methods. Zou et al [37] solved the Dirac equation with equal Eckart scalar and vector potentials in terms of SUSY quantum mechanical method, shape invariance approach and function analysis method. Wei and Dong [38] obtained approximately the analytical bound state solutions of the Dirac equation with the Manning-Rosen for arbitrary κ. Thylwe [39] presented the approach inspired by amplitude-phase method in analyzing the radial Dirac equation to calculate phase shifts by including the spin-and pseudo-spin symmetries of relativistic spectra. Alhaidari [40] solved Dirac equation by separation of variables in spherical coordinates for a large class of non-central electromagnetic potentials. Berkdemir and Sever [41] investigated systematically the pseudospin symmetric solution of the Dirac equation for spin 1/2 particles moving within the Kratzer potential connected with an angledependent potential. Recently, we have also solved the spin and pseudospin symmetric Dirac equation with arbitrary spin-orbit centrifugal term for generalized Woods-Saxon potential [42] and Rosen-Morse potential [43] by means of the Nikiforov-Uvarov (NU) method.
In this paper, it is worth to investigate the solution of the Dirac equation for scalar and vector Hulthén potential for ∆(r) or Σ(r) together with Coulomb shape tensor coupling potential which can be solved analytically by using an improved approximation scheme introduced in Refs. [44, 45] to deal with the resulting centrifugal and pseudo-centrifugal terms κ (κ ± 1) r −2 . The Coulomb-like tensor potential preserves the form of the Hulthén potential but generates a new spin-orbit centrifugal terms Λ (Λ ± 1) r −2 , where Λ is a new spin-orbit quantum number. This provides a possibility for generating a different form of spin-orbit coupling which might have some physical applications.
The Hulthén potential, widely used for the description of the nucleon-heavy nucleus interactions, takes the following form (see [44] and the references therein):
where V 0 is the potential depth, δ is the screening range parameter and r 0 represents the spatial range. If the potential is used for atoms, then V 0 = Zδ (in the relativistic units = c = e = 1), where Z is identified as the atomic number. The Hulthén potential behaves like the Coulomb potential near the origin (i.e., r → 0 or r ≪ r 0 ) V C (r) = −Ze 2 /r , but decreases exponentially in the asymptotic region when r ≫ 0, so its capacity for bound states is smaller than the Coulomb potential. This potential has been applied to a number of areas such as nuclear and particle physics [46] [47] [48] , atomic physics [49, 50] , molecular physics [51, 52] and chemical physics [53] , etc.
In the presence of the spin and pseudospin symmetry, we investigate the bound state energy eigenvalues and corresponding upper and lower spinor wave functions for arbitrary spin-orbit κ quantum number in the framework of the NU method [54] [55] [56] . We also show that the spin and pseudospin symmetric Dirac solutions can be reduced to the S(r) = V (r) and S(r) = −V (r) in the cases of exact spin symmetry limitation ∆(r) = 0 and pseudospin symmetry limitation Σ(r) = 0, respectively. Furthermore, the solutions obtained for the Dirac equation can be easily reduced to the Schrödinger solutions when a parametric transformation is applied.
In what follows, we first review the NU method and present a parametric generalization in Sect. 2. In the presence of spin and pseudo-spin symmetries, we obtain the bound state solutions of the Dirac equation with scalar and vector Hulthén potentials including the Coulomb-like tensor interaction, the limit of zero tensor coupling and the non-relativistic limits by applying a suitable transformation in Sect. 3. The relevant concluding remarks are given in Sect. 4.
II. THE NIKIFOROV-UVAROV METHOD
The NU method [54] is briefly outlined here. It is based on solving the second-order differential equation of hypergeometric-type by means of special orthogonal functions:
where σ(r) and σ(r) are polynomials at most of second-degree, τ (r) is a first-degree polynomial and ψ(r) is function of the hypergeometric type. In order to find a particular solution for Eq. (2), we choose ψ(r) as follows:
which leads to a new second-order hypergeometric-type equation of the form
with A(r) and B(r) are taken to be τ (r)/σ(r) and σ(r)/σ 2 (r), respectively, where σ(r) = λσ(r), λ is a constant and τ (r) is a polynomial of degree at most one. If we impose that φ(r) satisfies the following logarithmic equation
then we obtain
where π(r) is a polynomial of order at most one. Making use of φ
2 , we can reduce Eq. (4) into another hypergeometric-type:
and the quadratic equation for the polynomial π(r),
where
The solution of the above quadratic equation for π(r) yields
and the weight function can be obtained via
where the prime denotes the differentiation with respect to r. The expression under the square root sign in Eq. (10) can be arranged as a polynomial of second order where its discriminant is zero. Hence, an equation for k is being obtained. After solving such an equation, the k values are determined through the NU method. One, however, is looking for a family of solutions corresponding to
The y(r) = y n (r) which is a polynomial of degree n can be expressed in terms of the Rodrigues relation:
where B n is the normalization constant and the weight function ρ(r) in (13) is the solution of the differential equation (11) .
In addition, an eigenvalue solution through the NU method can be set up from the relationship between λ and λ n by means of Eqs. (9) and (12) .
For a more simple application of the method, we develop a parametric generalization of the NU method valid for any central and non-central exponential-type potential by making change of the independent variables z = z(r). Thus, we obtain another generalized hypergeometric equation
when compared with Eq. (1) yields
where the parameters c j and q j (j = 0, 1, 2) are to be determined during the solution procedure. Thus, by following the method, we can also obtain all the analytic polynomials and their relevant constants necessary for the solution of a radial wave equation. Hence, these analytical expressions are displayed in Appendix A.
III. DIRAC EQUATION WITH A TENSOR COUPLING
In spherical coordinates, the Dirac equation for fermionic massive spin-1/2 particles moving in attractive scalar S(r), repulsive vector V (r) and a tensor U(r) potentials reads as (in relativistic units = c = 1) [13, 57] :
where E is the relativistic energy of the system, M is the mass of the fermionic particle, p = −i∇ is the three-dimensional momentum operator, and α and β are 4×4 Dirac matrices, which have the following forms, respectively,
where I denotes the 2 × 2 identity matrix and σ are three-vector Pauli spin matrices
For a particle in a spherical (central) field, the total angular momentum operator J and the spin-orbit matrix operator K = −β (σ · L + I) commute with the Dirac Hamiltonian, where L is the orbital angular momentum operator. For a given total angular momentum j, the eigenvalues of K are κ = −(j + 1/2) for aligned spin (s 1/2 , p 3/2 , etc.) and κ = j + 1/2 for unaligned spin (p 1/2 , d 3/2 , etc.). The spinor wavefunctions can be classified according to the radial quantum number n and the spin-orbit quantum number κ and can be written using the Pauli-Dirac representation:
where F nκ (r) and G nκ (r) are the radial wave functions of the upper-and lower-spinor components, respectively, Y l jm (θ, φ) and Y l jm (θ, φ) are the spherical harmonic functions coupled to the total angular momentum j and it's projection m on the z axis. The orbital and pseudo-orbital angular momentum quantum numbers for spin symmetry l and pseudospin symmetry l refer to the upper-and lower-components, respectively. For a given spin-orbit quantum number κ = ±1, ±2, · · · , the orbital angular momentum and pseudo-orbital angular momentum are given by l = |κ + 1/2| − 1/2 and l = |κ − 1/2| − 1/2, respectively.
The quasi-degenerate doublet structure can be expressed in terms of a pseudo-spin angular momentum s = 1/2 and pseudo-orbital angular momentum l which is defined as l = l + 1 for aligned spin j = l − 1/2 and l = l − 1 for unaligned spin j = l + 1/2. For example, (3s 1/2 , 2d 3/2 ) and (3 p 1/2 , 2 p 3/2 ) can be considered as pseudospin doublets.
Substituting Eq. (19) into Eq. (16) and using the following relations [57] (
and properties
we obtain the following two radial coupled Dirac equations for the spinor components:
where ∆(r) = V (r) − S(r) and Σ(r) = V (r) + S(r) are the difference and sum potentials, respectively. By eliminating G nκ (r) in Eq. (22a) and F nκ (r) in Eq. (22b), we get two secondorder non-linear differential equations for the upper and lower radial spinor components,
where κ (κ + 1) = l(l + 1) and κ (κ − 1) = l( l + 1). The radial wave functions are required to satisfy the necessary boundary conditions, that is, F nκ (0) = G nκ (0) = 0 and F nκ (r) = G nκ (r) → 0 at infinity.
At this stage, we take the Σ(r) or ∆(r) the form of Hulthén potential (1) and the tensor potential in the form of the Coulomb-like interaction. Equations (23) and (24) can be solved exactly for κ = 0, −1 and κ = 0, 1, respectively, because of the spin-orbit centrifugal term.
A. Spin symmetric bound state solution
In this part we are taking the Σ(r) as the Hulthén potential and ∆(r) = C s = constant
In fact, when the limit of r 0 becomes infinity, then lim r 0 →∞ Σ(r) = ∞, it tells us that the Dirac particle could not be trapped by the Hulthén potential, which does not have any bound state under the condition of spin symmetry. The Coulomb-like potential [58] for the tensor due to a charge Z a e interacting with a charge Z A e, distributed uniformly over a sphere of radius R c , is added,
where R c = 7.78 fm is the Coulomb radius, and Z a and Z A denote the charges of the projectile a and the target nuclei A, respectively. Under this symmetry, substituting Eqs. 
with κ = l and κ = − (l + 1) for κ > 0 and κ < 0, respectively. Also, the quantum condition in (27) is obtained from the finiteness of the solution at the origin point
and at infinity
The spin symmetric energy eigenvalues depend on n and κ, i.e., E nκ = E(n, κ (κ + 1)).
In Eq. (25), the choice of Σ(r) = 2V (r) → V (r) as mentioned in Ref. [12] allows us to reduce the resulting relativistic solutions into their non-relativistic limits under appropriate transformations.
Equation (27) can not be solved exactly only for the case of κ = 1 due to the spin-orbit centrifugal term γr −2 which is expanded in terms of singular functions of e −r/r 0 compatible with the solvability of the problem for r ≪ r 0 . Now, since the orbital term r −2 is too singular, the validity of such approximation is limited only to very few of the lowest energy states.
Therefore, to go to higher energy states one may attempt to solve the relativistic version of the problem in [44] like the Dirac equation (27) . Therefore, we apply the approximation scheme derived in [44] for the centrifugal term which is valid for small screening parameter δ values (i.e., for large r 0 values or r ≪ r 0 ). It can be casted in the form [44] :
where the dimensionless constant d 0 = 1/12 is exact as reported in many recent works (cf.
e.g., [35, [59] [60] [61] [62] ). Obviously, the above approximation to the centrifugal (pseudo-centrifugal) term turns to r −2 when the parameter r 0 goes to infinity (small screening parameter δ) as
which shows that the usual approximation is the limit of our approximation (cf. e.g., [44] and the references therein). In terms of the new variable z(r) = e −r/r 0 , which maps the interval r ∈ (0, ∞) into z ∈ (0, 1), and using the approximation in Eq. (31), then Eq. (27) transforms into rational functions as
and λ nκ must be a positive real parameter for the presence of bound states. We are looking for solutions in the form
where ξ and ς are real positive parameters and the boundary conditions in Eqs. (29) and (30) are also satisfied. Then, by substituting (34) into (32) the following hypergeometric differential equation for f (z) is obtained
Thus, the wave functions satisfying Eqs. (27) , (30) and (34) are given by
For the bound-state problem, the solutions (36) fulfill the boundary condition (29) when
where n is the number of the nodes of the radial wave functions. This also results in the following energy spectrum formula
The last formula gives an equation for the energy levels. When we insert λ nκ and β into the above equation, we find the following transcendental energy spectrum formula
where n max being the largest integer which is less than r 0
In the limit of zero tensor couplings (H = 0), the spin aligned states (κ < 0) demand that n + 1 = −κ. However, such a condition is no longer exist for the spin unaligned states (κ > 0).
On the other hand, we may also apply the NU method, this can be done when Eq. (32) is compared with Eq. (14), the following polynomials are found
Furthermore, we can follow the parametric generalization model of the NU method given in Appendix A to obtain the specific values for the constants c i (i = 1, 2, · · · , 13), the results are listed in Table 1 for the potential model under consideration. When the relations (A1-A4) of Appendix A together with the values of constants given in Table 1 are applied, the key polynomials take the following particular forms [63] :
and
for discrete bound state solutions. According to the NU method, we further obtain
with prime denotes the derivative with respect to z. Referring to Table 1 and applying the relation A5 of Appendix A, we obtain energy equation formula which is identical to Eq.
(40).
In the limit of zero tensor coupling and under the usual approximation,
which is completely identical to Eq. (68) of Ref. [64] for the solution of the Klein-Gordon equation with equally mixed scalar and vector Hulthén potentials, i.e., V 0 = S 0 (Σ 0 = 0).
Furthermore, the last equation is also identical to Eq. (25) upon inserting q = 1, V 0 = S 0 and δ = δ ± = l + 1, −l in Eqs. (8) and (9) of Ref. [65] . Therefore, real solutions are possible only for |E nl | ≤ M (i.e., bound states).
We now look at some special cases and relationships between our results and some other existing results in literature. For exact spin symmetry, V 0 = S 0 case or C s = 0 and applying the following appropriate transformations E nl + M ≃ 2µ, E nl − M ≃ E nl and κ = l, we obtain the following non-relativistic energy spectrum for the Hulthén potential including the Coulomb-like interaction,
leading to the following energy spectrum formula in the limit of zero tensor coupling [44] 
which is identical to Eq. (34) in Ref. [44] for the solution of the Schrödinger equation with the Hulthén potential. The largest integer n max ≤ r 0 √ 2µV 0 − l − 1 which is identical to Eqs. (12) and (13) given in Ref. [66] after choosing A = 2µr 2 0 V 0 , α = 1 and α = 0 for the Hulthén potential case, respectively. In fact, when the limit of δ becomes zero, then
which is a spectrum resulting from a Coulombic field.
We apply now the relations (A6-A10) of Appendix A to calculate the corresponding wave functions as [63] 
where η κ ≥ 1 and λ nκ must be a positive real parameter for the presence of bound states.
Hence, we find
with P (ν,µ) n (x) is the Jacobi polynomial, where ν > −1, µ > −1 and defined for the argument 1] . Using the relation F nκ (z) = φ(z)y n (z), we get the radial upper-spinor wave functions as
Furthermore, we give the relation linking the hypergeometric function and the Jacobi polynomials (see formula 8.962.1) in [67] 2 F 1 −n, n + ν + µ + 1, ν + 1;
to rewrite the radial wave functions as F nκ (r) = N nκ e −(λnκ/r 0 )r 1 − e −r/r 0 ηκ 2 F 1 −n, n + 2λ nκ + 2η κ + 1, 2λ nκ + 1; e −r/r 0 .
where the normalization constant is calculated in Appendix B in closed form.
Before presenting the corresponding lower-component G nκ (r), let us recall a recurrence relation of hypergeometric function,
which is used to solve Eq. (22a) and present the corresponding lower component G nκ (r) as follows
Here, we remark that the hypergeometric series 2 F 1 −n, n + 2λ nκ + 2η κ + 1, 2λ nκ + 1; e −r/r 0 terminates for n = 0 and thus converges for all values of real parameters η κ and λ nκ . It is worthy to note that in the limit of r 0 goes to infinity then the Dirac spinor components become as
which show that these components become unbound.
For C s > M +E nκ and E nκ < M or C s < M +E nκ and E nκ > M, we note that parameters given in Eq. (33c) turn to be imaginary, i.e., λ 2 nκ < 0 in the s-state (κ = −1) case. As a result, the condition of existing bound states are λ nκ > 0 and η κ > 0, that is to say, in the case of C s > M + E nκ and E nκ < M, bound-states do not exist for some quantum number κ such as the s-state (κ = −1). Of course, if these conditions are satisfied for existing boundstates, the energy equation and wave functions are the same as these given in Eqs. (45), (52) and (55) .
In the spin-symmetric case, the numerical bound state energy spectrum is obtained from
Eq. (40) Table 2 for states n = 0, 1, 2 and 3 and spin-orbit quantum number κ = ±1, ±2, ±3 and ±4 values.
Apparantly, the spin unaligned states (κ > 0), the orbital states (l = |κ + 1/2| − 1/2,
) and (3d 3/2 , 2f 5/2 ) are found to be degenerate in the presence of tensor (H = 0) and in the limit of zero tensor couplings (H = 0). In addition, the energies of the np 1/2 , nd 3/2 and nf 5/2 states for H = 0 are higher than the corresponding values for H = 0. Overmore, we reproduced the energy spectrum of Table 1 using the new approximation scheme (31) proposed in Ref. [44] through taking the dimensionless constant d 0 ≈ 1/12 [35, [59] [60] [61] [62] . The energy levels presented in Table   2 are slightly different under our new approximation scheme. Further, the degeneracies in the above states have no lnoger exist. This is true for both Coulomb tensor (H = 0) and in the limit of zero tensor (H = 0) interactions.
B. Pseudospin symmetric bound state solutions
The exact pseudospin symmetry occurs in the Dirac equation when S(r) ∼ −V (r). In this part we will take the Hulthén potential for ∆(r), (i.e.,
where ∆ 0 is a constant and the tensor potential as in Eq. (26) . Thus, Eq. (24) can be reduced into the Schrödinger-type:
where κ = − l and κ = l + 1 for κ < 0 and κ > 0, respectively. In the pseudospin symmetry, the eigenstates with with j = l ± 1 2
are degenerate for l = 0. The energy eigenvalues E nκ depend only on n and κ, i.e., E nκ = E(n, κ(κ − 1)). We now follow the previous procedures to obtain a differential equation for G n,κ (z),
and λ nκ must be a positive real parameter for real solution. Thus, the energy spectrum is then given by
The last formula gives an equation for the energy spectrum. When we insert λ nκ and β into the above equation, then we find the following transcendental energy equation
where n max being the largest integer which is less than r 0 V 0 (E nκ − M − C s )−κ−H, where
Obviously, the above equation can be reduced to Klein-Gordon solution when C ps = H = d 0 = 0 and after inserting q = 1, V 0 = S 0 and δ = δ ± = l + 1, − l in Eqs.
(8), (9) and (25) of Ref. [65] . Furthermore, the wave functions can be written as
To avoid repetition, the solution of Eq. (24) can be found easily by applying appropriate paremetric transformations. A first inspection for the relationship between the present set of parameters ( E nk , β, Λ k ) and the previous set (E nk , β, η κ ) tells us that the energy solution, for pseudospin symmetry, can be obtained directly from those of the previous energy solution, in spin symmetric case, by applying the following appropriate parameter map [42, 43] :
or simply we apply the following transformations:
on Eqs. (40) and (50) to obtain Eqs. (62) and (63) where λ nκ > 0 and η κ ≥ 1. The calculation of this integral can be done by writting one of the 2η κ factors (1 + x) /2 in the form
and by making use of the following integral (see formula (7.391.5) in [67] ):
which is valid for Rν > 0 and Rµ > −1. This leads to N nκ = 1 Γ(2λ nκ + 1) 2 r 0 λ nκ Γ(n + 2λ nκ + 1)Γ(n + 2λ nκ + +2η κ + 1) n!Γ(n + 2η κ + 1) 
